
 

5 Topological Phenomena

5.1 Magnetic Monopoles

UCI gauge theory
Let M be a Riemannian manifold
Consider a UCI bundle P M

Then P is trivial if M is contractible

to a point
for M 124 we have

P 124 411

The gauge potential
connection

is simply
A Andx note A iAn

field strengh F dA is

In TF
and dF Fit Are 0

in components QE 2 In 2 E O G



Identifying the components as

I IFur

with E Fio B f Eijk For ink 12,3

I becomes

T É 3 0 F I 0 2

The Maxwell action S A is given by

SIA I Find x

4 Far F d4x

Define I IF gear as the dual

S A In F exercise

Variation with respect to A gives

25 0 3

giving g E 0 5 5 IF 0 4



Consider now the combination É iB

then 2 and 4 are invariant

under
E its e É iB

i e E COSGE Sino B

B COSEB SINGE

check J Eo T.BE or

Tx Eo Cos 0 E É sinoBxB

cos 02 sin02
Bo

By COS08 5 Sin BE

Cost E sin 0 If
ÉOL

The Dirac magnetic monopole

Let us extend the above to UCD

bundles over non trivial base

Dirac monopole on 1R 0

homeomorphic to 52

relevant bundle PCS UCM



S is covered by two charts

Un 0,0 0 ñ c

Us 0,0 IT 0

where and 0 are polar coordinates

the corresponding connections are giben by

An ig 1 cost d As ig It cos0dg

where g is the monopole charge

To see how this comes about consider

a monopole of charge g sitting
at t o

F B 45g 8 T

K 4T 8 i and J Yr

B 9

magnetic flux is given by

5.15 45g

sphere with radius R



Next define the vector potential by

A 2944 Ang riff A z
o

Tx 9 4tg 86781g 2

that is Tx N B except along negative
z axis T

Y

Dirac string

To remedy this problem
consider

As 4T Asy if Asz o

THIS B except along positive
2 axis 0

Temember if B Ext exactly then

I 8,5 d5 BxÑ.d5 f dv

L



In polar coordinates and differential

form notation we get
An ig l cost do As ig It cost d0

the transition function tns on Unnus
is classified by IT Uli Z

this d exp field 4 S R

then
An tists this this dtms

As idle

do i An As 2gd0

and so 16 de 2gdd Gig

for tns to be well deffined need

4 2 2gE I

quantization condition for monopole charge
The total flux is

B d5 KIAN dts

AN f As 2g do Gig



Charge quantization

Consider a Dira fermion of charge e

and mass m moving in the field
of a mag monopole of charge g

8 2 ieA 4 my

under the gauge trf An At 2

4 changes as

4 piety
As A and As differ by gauge trf

Ah A 2 2yd we get

45 F exp ien F

taking 0 I and going around from
4 0 to 21T gives
4 single valued Leg n nee

Dirac quantization cond

if there exists a monopole somewhere

in the universe then e Ig
5

all electric charges are quantized



Electromagnetic duality
We saw that Maxwell's equations in

vacuum are invariant under

E IB e E IB

if magnetic charges exist then Maxwell's

egs are invariant under even in

the presence of charges
5 if e is small g is large

and vice versa

egs for
electric and magnetic charges

are complety symmetric

for large e perturbation theory breaks

down consider instead the

magnetic dual theory
where gal


